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$\Omega\subset \mathbb{R}^{2}$ $\Gamma\equiv\partial\Omega$ $\Omega$ $\Omega$
$h_{i}(i=1,2)$ $x_{i}$ $h \equiv\max\{h_{1},h_{2}\},$ $h_{\min} \equiv\min\{h_{1},h_{2}\}$
$X_{i,1\equiv(ih_{1},jh_{2})^{T}}$ $\Omega_{h},$ $\Gamma_{h},\overline{\Omega}_{h}$ $V_{0h},$ $V_{h}$ ,
$V_{h0}$
$\Omega_{h}\equiv\{x_{i,j}\in\Omega;i,j\in Z\}$ , $\Gamma_{h}\equiv\{x_{i,j}\in\Gamma;i,j\in Z\}$ , $\overline{\Omega}_{h}\equiv\Omega_{h}\cup\Gamma_{h}$ , (1)
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$V_{0h}\equiv\{v_{h};\Omega_{h}arrow \mathbb{R}\}$ , $V_{h}\equiv\{v_{h};\overline{\Omega}_{h}arrow \mathbb{R}\}$ , $V_{h0}\equiv\{vh\in V_{h};v_{h}|_{\Gamma_{h}}=0\}$ , (2)
( $v_{h}\in V_{h}$ $v_{h}|_{\Omega_{h}}\in V_{0h}$ $v_{h}$ $V_{0h}$ )
$S_{h}$ $S_{h}$ $v_{h},$ $w_{h}$
$L^{2}$ $L^{2}$
$(v_{h},w_{h})_{S_{h}} \equiv h_{1}h_{2}\sum_{x\in S_{h}}v_{h}(x)w(x)$




1( ) $h$ 7,
$(h_{1},h_{2})$
$h_{1},$ $h_{2}\in(0,h_{0}]$ , $\gamma_{1}\leq\frac{h_{2}}{h_{1}}\leq n$ . (5)
1 $L^{2}$
1 $w$ $w\in C^{1}(\Omega^{-})^{2}$ $w=0(x\in\Gamma\equiv\partial\Omega)$ $\delta$
$0<\delta<1/\Vert w\Vert_{W^{1,\infty}(\Omega)}$ (6)
$h$ $\delta$ $C_{1}$
$W_{0}\delta\leq C_{1}h_{\min}$ . (7)
$W_{0} \equiv\max\{|w\iota(x)|;x\in\overline{\Omega}, i=1,2\}$
$X(x)\equiv x-\delta w(x)$ (8)
$c_{1}(w)$ $v_{h}$ $V_{h}$




1 $\delta$ $F:[-\delta/2, \delta/2]arrow \mathbb{R}$
$\Gamma_{1}(F;\delta)\equiv\frac{1}{2}\{F(\frac{\delta}{2})+F(-\frac{\delta}{2})\}-F(0)=\frac{\delta^{2}}{8}\int_{0}^{1}ds_{1}\int_{-s_{1}}^{S1}F’’(\frac{\delta}{2}s_{2})ds_{2}$
$(F\in C^{2}[-\delta/2,\delta/2])$ . (10)
$\Gamma_{2}(F;\delta)\equiv\frac{F(\frac{\delta}{2})-F(-\frac{\delta}{2})}{\delta}-F’(0)=\frac{\delta^{2}}{8}\int_{0}^{1}ds_{1}\int_{0}^{s_{1}}ds_{2}\int_{-s_{2}}^{s_{2}}F^{l\prime l}(\frac{\delta}{2}s_{3})ds_{3}$
$(F\in C^{3}[-\delta/2, \delta/2])$ . (11)
$\Gamma_{3}(F;\delta)\equiv\frac{F(\frac{\delta}{2})-2F(0)+F(-\frac{\delta}{2})}{(\frac{\delta}{2})^{2}}-F’’(0)$
$= \frac{\delta^{2}}{4}\int_{0}^{1}ds_{1}\int_{0}^{s_{1}}ds_{2}\int_{0}^{s_{2}}ds_{3}\int_{-s_{3}}^{s}3F^{\prime\prime\prime\prime}(\frac{\delta}{2}s_{4})ds_{4}$ $(F\in \mathscr{S}[-\delta/2,\delta/2])$ . (12)
$T$ $\Delta t$ $t^{n}\equiv n\ (n\in Z\cup\{\mathbb{Z}+1/2\}),$ $N\tau\equiv[T/\Delta t]$
1
2 $\delta$ $x\in\overline{\Omega}_{h}$ $n=1,$ $\cdots,N\tau$ $F=F(\cdot;x,t^{n}):[-\delta/2, \delta/2]arrow \mathbb{R}$
$\Gamma_{i}(i=1,2,3)$ 1 $l_{i}^{fl}$ : $\overline{\Omega}_{h}arrow \mathbb{R}(i=1,2,3)$
$r_{i}^{n}(x)\equiv\Gamma_{i}(F(\cdot;x,t^{n});\delta)$ $(i=1,2,3)$ , (13)
$\Vert r_{1}\Vert_{l^{2}(l^{2})}\leq\frac{\delta^{2}}{8}\Vert\{\int_{-1}^{1}F’’(\frac{\delta}{2}s;\cdot, \cdot)^{2}ds\}^{1/2}\Vert_{l^{2}(l^{2})}$ $(F\in C^{2}\{\begin{array}{ll}\delta \delta-\overline{2}’\overline{2} \end{array}\})$ , (14)
$\Vert r_{2}\Vert_{l^{2}(l^{2})}\leq\frac{\delta^{2}}{8\sqrt{6}}\Vert\{\int_{-1}^{1}F’’’(\frac{\delta}{2}s;\cdot, \cdot)^{2}ds\}^{1/2}\Vert_{l^{2}(l^{2})}$ $(F \in C^{3}[-\frac{\delta}{2}, \frac{\delta}{2}])$ , (15)
$\Vert r_{3}\Vert_{l^{2}(l^{2})}\leq\frac{\delta^{2}}{24\sqrt{2}}\Vert\{\int_{-1}^{1}F^{\prime\prime\prime\prime}(\frac{\delta}{2}s;\cdot, \cdot)^{2}ds\}^{1/2}\Vert_{l^{2}(l^{2})}$ $(F \in \mathscr{S}[-\frac{\delta}{2}, \frac{\delta}{2}])$ . (16)
$\Vert r_{i}\Vert_{l^{2}(l^{2})}\equiv\{\Delta t\sum_{n=1,\cdots N_{T}},\Vert_{l_{i}^{p}}||_{l^{2}(\Omega_{h})}^{2}\}^{1/2}$ (17)
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4;
$\{\begin{array}{ll}\frac{\partial\psi}{\partial t}+u\cdot\nabla\phi-v\Delta\phi=f in \Omega\cross(0,T),\phi=0 on \Gamma\cross(0, T),\psi=\psi^{0} in \Omega, at t=0,\end{array}$ (18)
$\phi$ : $\Omega\cross(0, T)arrow \mathbb{R}$ $v$ $f$ : $\Omega\cross$
$(0,T)arrow \mathbb{R},$ $u:\Omega\cross(0,T)arrow \mathbb{R}^{2},$ $\phi^{0}:\Omegaarrow \mathbb{R}$ $u\in$
$C^{0}(0, T;C^{1}(\Omega^{-})),$ $u|r=0$ $f\in C^{0}(0,T;C^{0}(\Omega^{-}))$
(18) 2 $D^{i}\equiv\partial/\partial x_{i}(i=$
$1,2)$ 1, 2 $X_{1}^{n},$ $X_{2}^{n}$
$X_{1}^{n}(x)\equiv x-u^{n}(x)\Delta t$ , $X_{2}^{n}(x) \equiv x-u^{n-1/2}(x-u^{n}(x)\frac{\Delta t}{2})\Delta t$ , (19)
$n-1/2$ t $=$ (n–1/2)
$\Pi_{h^{2^{1}}}^{(,0)}$ $\Pi_{h}^{(0_{2}^{1})}$
$x_{1}$ $x_{2}$ 1/2
$\Omega_{h^{2^{1}}}^{-(,0)}\equiv\{x_{i+1/2,j}\in\overline{\Omega};i,j\in \mathbb{Z}\}$ , $\Omega_{h}^{-(0_{2}^{1})}\equiv\{x_{i,j+1/2}\in\overline{\Omega};i,j\in Z\}$ , (20)
( 1 ). $\nabla_{hi}(i=1,2)$ $x_{i}$
$\nabla_{h}\equiv(\nabla_{h1},\nabla_{h2})^{T}$ , $\Delta_{h,i}\equiv\nabla_{hi}^{2}(i=1,2)$ , $\Delta_{h}\equiv\sum_{i=1}^{2}\Delta_{h,i}$ , (21)
$\tilde{\nabla}_{h1}^{(n)}v_{h}\equiv(\Pi_{h^{2}}^{(^{1},0)}\nabla_{h1}v_{h})oX_{1}^{n}$ , $\tilde{\nabla}_{h2}^{(n)}v_{h}\equiv(\Pi_{h}^{(0_{2}^{1})}\nabla_{h2}v_{h})\circ X_{1}^{n}$, $\tilde{\nabla}_{h}^{(n)}\equiv(\tilde{\nabla}_{h1}^{(n)},\tilde{\nabla}_{h2}^{(n)})^{T},$ (22)
$\tilde{\Delta}_{h,i}^{(n)}\equiv\nabla_{hi}\tilde{\nabla}_{hi}^{(n)}$ $(i=1,2)$ , $\tilde{\Delta}_{h}^{(n)}\equiv\sum_{i=1}^{2}\tilde{\Delta}_{h,i}^{(n)}$ , (23)
$\tilde{\Delta}_{h}^{(n)}$
$\nabla_{(2h)1}\nabla_{(2h)2^{\mathcal{V}}h(x_{i,j})}$ $\{x_{i\pm 1,j\pm 1}\}\subset\overline{\Omega}_{h}$
4 $\partial^{2}/\partial x_{1}\partial x_{2}$




$= \frac{1}{2}(f^{n}+f^{n-1}oX_{1}^{n})(x)$ $(x\in\Omega_{h})$ , (24)
$=\{\phi_{h}^{n}\}_{n=1}^{N_{T}}$ $V_{h0}$
1 $\Pi_{h}$ ( ), $\Pi_{h}^{(\frac{1}{2},0)}$ ( ), $\Pi_{h}^{(0,\frac{1}{2})}$ ( )
1 $\nabla_{h1}$ $\Omega_{h}^{-(\frac{1}{2},0)}$ $\Omega_{h}^{-(_{2}^{1},0)}$ $X_{1}^{n}$
$\Pi_{h^{z^{1}}}^{(,0)}$ $\Pi_{h}^{(0_{2}^{1})}$
5 (24)
1 $\delta$ $\Delta t$ $w$ $u^{n}$
$\Vert(\Pi_{h}v_{h})\circ X_{1}^{n}\Vert_{l^{2}(\Omega_{h})}\leq(1+c\Delta t)\Vert v_{h}\Vert_{l^{2}(\Omega_{h})}$ (25)
Gronwall (24)
1( ) $\Delta t\leq 1/\Vert u\Vert_{C^{0}(W^{1,\infty}(\Omega))}$ $h$
$C_{1}$ $U_{0}^{\infty}\Delta t\leq C_{1}h_{\min}$
$\Vert\phi_{h}\Vert_{l^{\infty}(l^{2})}+\sqrt{v}|\phi_{h}|_{l^{2}(h^{1J})}\leq c(\Vert u\Vert_{C^{0}(C^{1}(\Omega^{-}))},f,\phi_{h}^{0})$ . (26)
$U_{0}^{\infty} \equiv\max\{|u(x,t)|_{\infty};x\in\overline{\Omega},$ $t\in[0, T]\}$ , (27)
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$|a|_{\infty} \equiv\max\{|a_{i}|;i=1,2\}(a\in \mathbb{R}^{2})$ ,
$\Vert\phi_{h}\Vert_{l^{\infty}(l^{2})}\equiv\max_{n=0,\cdots,N_{T}}\Vert\phi_{h}^{n}\Vert_{l^{2}(\Omega_{h})}$ ,




1 $\Gamma_{i}$ 2 $r_{i}(i=1,2,3)$
;
$(x-(t^{n}-t)u^{n}(x), t)$ , $(x,t)\in\overline{\Omega}\cross(t^{n-1},t^{n}]$ , (31)
(10)
$F(s)=F(s;x,t^{n}) \equiv f(x+(s-\frac{\Delta t}{2})u^{n}(x),t^{n-1/2}+s)$ , $\delta\equiv\Delta t$ , (32)
$R_{f}^{n}(x) \equiv\frac{1}{2}\{f^{n}(x)+f^{n-1}(x-u^{n}(x)\Delta t)\}-f^{n-1/2}(x-u^{n}(x)\frac{\Delta t}{2})=\Gamma_{1}(F(\cdot;x,t^{n}),\Delta t)$ , (33)
gO $(x,t)\equiv f(x-(t^{n}-t)u^{n}(x),t)((x,t)\in\overline{\Omega}\cross(t^{n-1},t^{n}])$
$\Vert R_{f}\Vert_{l^{2}(l^{2})}\leq\frac{\Delta t^{2}}{8}\Vert\{\int_{-1}^{1}F^{lJ}(\frac{\Delta t}{2}s;\cdot, \cdot)^{2}ds\}^{1/2}\Vert_{l^{2}(l^{2})}\leq c\Delta t^{2}\Vert\frac{\partial^{2}g_{0}}{\partial t^{2}}\Vert_{L^{2}(0,T;l^{2}(\Omega_{h}))}$ (34)
1 (24)
2( ) $u$ (18) $\phi$ 1




[1] J. Douglas Jr. and T.F., Russell, Numerical methods for convection-dominated diffusion
problems based on combining the method of characteristics with finite element or finite
difference procedures, SIAM Joumal on Numerical Analysis, Vol.19 (1982), pp.871-
885.
[2] H. Notsu, Numerical computations of cavity flow problems by a pressure stabilized
characteristic-curve finite element scheme, Tmnsactions ofJapan Society for Compu-
tational Engineering and Science, Online ISSN: 1347-8826 (2008).
[3] H. Notsu, H. Rui and M. Tabata, A second-order characteristics finite difference method
for convection-diffusion problems, in preparation.
[4] H. Notsu and M. Tabata, Navier-Stokes
Vol. 18 (2008), pp.427-A45.
[5] H. Notsu and M. Tabata, A single-step characteristic-curve finite element scheme of sec-
ond order in time for the incompressible Navier-Stokes equations, Joumal ofScientific
Computing, Vol.38 (2009), pp. 1-14.
[6] O. Pironneau, Finite Element Methods for Fluids, John Wiley & Sons, Chichester,
1989.
[7] O. Pironneau and M. Tabata, Stability and convergence of a Galerkin-characteristics
finite element scheme of lumped mass type, Intemational Joumalfor Numerical Meth-
ods in Fluids, Vol.64 (2010), pp. 1240-1253.
[8] H. Rui and M. Tabata, A second order characteristic finite element scheme for
convection-diffusion probIems, Numerische Mathematik, Vol.92 (2002), pp. 161-177.
[9] M. Tabata, Discrepancy between theory and real computation on the stability of some
finite element schemes, Joumal of Computational and Applied Mathematics, Vol.199
(2007), pp.424-431.
[10] M. Tabata and S. Fujima, Robusmess of a characteristic finite element scheme of second
order in time increment, In C. Groth and D. W. Zingg, editors, Computational Fluid
Dynamics 2004, Springer, pp. 177-182, 2006.
157
